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Linear-cosmology observables, such as the Cosmic Microwave Background (CMB), or the large-
scale distribution of matter, have long been used as clean probes of dark matter (DM) interactions
with baryons. It is standard to model the DM as an ideal fluid with a thermal Maxwell-Boltzmann
(MB) velocity distribution, in order to compute the heat and momentum-exchange rates relevant
to these probes. This approximation only applies in the limit where DM self-interactions are fre-
quent enough to efficiently redistribute DM velocities. It does not accurately describe weakly self-
interacting particles, whose velocity distribution unavoidably departs from MB once they decouple
from baryons. This article lays out a new formalism required to accurately model DM-baryon scat-
tering, even when DM self-interactions are negligible. The ideal fluid equations are replaced by
the collisional Boltzmann equation for the DM phase-space distribution. The collision operator is
approximated by a Fokker-Planck operator, constructed to recover the exact heat and momentum
exchange rates, and allowing for an efficient numerical implementation. Numerical solutions to the
background evolution are presented, which show that the MB approximation can over-estimate the
heat-exchange rate by factors of ∼ 2 − 3, especially for light DM particles. A Boltzmann-Fokker-
Planck hierarchy for perturbations is derived. This new formalism allows to explore a wider range
of DM models, and will be especially relevant for upcoming ultra-high-sensitivity CMB probes.
I. INTRODUCTION
Possible non-gravitational interactions between dark
matter (DM) and standard-model (SM) particles are
testable with cosmological observations, complementing
collider [1] direct-detection [2] and indirect [3] searches.
Linear-cosmology observables, in particular the cosmic
microwave background (CMB), provide especially clean
tests of such interactions, as the underlying physics is,
in principle, very well understood, and computationally
tractable. In addition to being sensitive to energy injec-
tion from annihilating or decaying DM [4, 5], the CMB
is a powerful probe of elastic scattering between DM and
SM particles [6, 7]. On one hand, the resulting heat ex-
change between the DM and the photon-baryon fluids
can lead to distortions of the CMB blackbody spectrum
[8]. On the other hand, momentum exchange between
the DM and any of the SM fluids (photons, neutrinos,
or electron-baryons) affects the linear evolution of initial
perturbations, and leaves an imprint on CMB tempera-
ture and polarization anisotropies. Heat and momentum
exchange through DM-baryon scattering also affect the
matter power spectrum and derived observables, such as
the Lyman-α forest [9]; they also leave characteristic im-
prints on the high-redshift 21-cm brightness temperature
and its fluctuations [10, 11].
The first quantitative study of the effect of DM scat-
tering on CMB anisotropies and the matter power spec-
trum was carried out in [12], specifically for energy-
independent DM-photon interactions. The authors of
[12] modified Euler’s equations for the photons and the
DM, assumed to be an ideal fluid, by adding a drag term
between the two species, analogous to Compton drag be-
tween photons and the electron-baryon fluid. Shortly
after, [13] derived analogous equations for DM scatter-
ing off baryons with a velocity-independent cross section.
In order to compute the heat and momentum-exchange
rates, which depend on the velocity distributions of
the interacting particles, they assumed that DM, like
baryons, has a Maxwell-Boltzmann (hereafter, MB) dis-
tribution. These studies have since then been extended
to a variety of interactions, such as millicharged-DM [14],
DM with an electric dipole moment [15], and DM scat-
tering with neutrinos [16]. The problem has received
increased interest in the last few years, following the
release of Planck ’s high-sensitivity and high-resolution
CMB maps [17–19]. Using Markov-Chain Monte-Carlo
(MCMC) analyses of Planck data, several groups derived
high-precision bounds to the elastic cross section of DM
with SM particles [9, 20–26]. Still, even these most recent
studies rely on the simple approximation that the DM is
an ideal thermal fluid.
Even though it is the interactions with SM particles
that dictate the characteristic rates of heat and momen-
tum exchange, the precise values of these rates are func-
tions of the detailed DM velocity distribution. The lat-
ter depends not only on interactions with SM particles,
but also on self-interactions. Indeed, if the DM is effi-
ciently self-interacting, its velocities get rapidly reshuf-
fled to maximize entropy, leading to the MB distribu-
tion. On the other hand, if DM self-interactions are suf-
ficiently weak, its velocity distribution unavoidably de-
parts from MB as it thermally and kinematically decou-
ples from baryons. This could be the case, for instance,
if DM interactions are due to a small electric charge
or dipole moment, or if the interacting particles make
up a subdominant fraction of the total DM abundance.
Therefore, existing linear-cosmology bounds to DM-SM
scattering strictly apply only to strongly self-interacting
DM. What’s more, upcoming high-resolution CMB mis-
sions [27] promise to be sensitive to cross sections about
twenty times weaker than Planck [28]. Should a positive
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2detection of interacting DM finally be made, it will be
extremely useful to glean even more information on DM
properties, in particular on the strength of its self inter-
actions. In this work we take the first steps in exploring
this new dimension of DM interactions.
To go beyond the ideal-thermal-fluid approximation,
one must solve the collisional Boltzmann equation for
the DM distribution. In this paper, we study, for the
first time, the collision operator for DM scattering off
non-relativistic SM particles (in practice, thermal elec-
trons or nuclei) with a velocity-dependent cross section.
It is rather straightforward to write an exact integral
collision operator, but the resulting integro-differential
Boltzmann equation would be computationally demand-
ing. We therefore derive a Fokker-Planck (hereafter FP)
approximation to the DM-SM collision operator. While
such an approximation has been amply studied in the
context of kinematic decoupling of DM scattering off rel-
ativistic or light SM particles [29–34], ours is the first
work to derive the corresponding FP operator for scat-
tering with non-relativistic baryons, for an arbitrary mass
ratio. In that case, the fractional change in velocity per
scattering event need not be small, and one must give up
the standard approach of Taylor-expanding the collision
integrand. Instead, we adopt a top-down method to con-
struct the FP operator: starting from a general, number-
conserving diffusion operator, we enforce that it satisfies
detailed balance, and gives the correct momentum and
heat exchange rates. We show that, when the DM distri-
bution becomes narrow and the diffusion approximation
fails, the exact momentum and heat-exchange rates be-
come closed-form expressions of the DM bulk velocity
and effective temperature, which our FP operator is con-
structed to recover. Our FP operator is therefore the
best-possible diffusion approximation to the exact colli-
sion operator. It makes it possible to efficiently solve
for the coupled evolution of DM and SM fluids, which
would have been numerically challenging with an inte-
gral collision operator. The formalism developed here
can therefore be incorporated into future MCMC anal-
yses of precision linear-cosmology data, with a modest
additional computational cost relative to the standard
ideal-thermal-fluid approximation.
The rest of this paper is organized as follows. In Sec-
tion II, we write down the general form of the collision op-
erator for elastically-scattering DM, and discuss its most
important properties. In Section III, we study the DM
velocity drift rate and diffusion tensor, and derive general
expressions, as well as specific ones applying to power-
law cross sections. In Section IV, we focus on the mo-
mentum and heat-exchange rates, and study the regimes
where they take on closed-form expressions. Section V
describes the top-down construction of the FP operator.
In Section VI, we study the evolution of the background
distribution, which we evolve numerically to quantify its
non-thermal distortions, and their impact on the heat-
exchange rate. We lay out the Boltzmann-Fokker-Planck
hierarchy for the evolution of perturbations in Section
VII. After discussing limitations and extensions of our
formalism in Section VIII, we conclude in Section IX.
Appendix A discusses the velocity dependence of DM
scattering with Helium nuclei. In Appendix B, we give
a proof that the entropy is the unique functional that
increase for any distribution, in the case of local self-
interactions. To facilitate a quick read through this
manuscript, we have framed the most important equa-
tions.
II. GENERAL SETUP AND DEFINITIONS
In this work we restrict ourselves to non-relativistic
DM particles χ (which need not be all of the dark mat-
ter), with mass mχ, abundance nχ, and mass density
ρχ = mχnχ, scattering off non-relativistic scatterers with
corresponding properties ms, ns, ρs. We denote the total
mass by M ≡ ms +mχ. In practice, scatterers are either
χ itself, or standard-model nuclei or electrons. We limit
ourselves to elastic scattering, and in particular, do not
consider number-changing interactions. In other words,
we assume that the abundance of χ is already fixed,
i.e. that chemical decoupling occurs much before kinetic
decoupling, of interest here. This standard assumption
[35], holds for a variety of DM models [31, 36], though
not for all [34]. We denote background quantities with
an overline – for instance, ns ∝ a−3 is the background
density of s, where a is the scale factor. Throughout the
paper we use natural units ~ = c = 1.
A. Cross section
The interaction is quantified by a differential cross-
section dσχs/dΩ. It only depends on the magnitude of
the relative velocity vχs ≡ |vχ − vs|, and on the angle
between nˆ ≡ vχs/vχs and nˆ′ ≡ v′χs/vχs, where primes
denote quantities after the scattering event (and recalling
that v′χs = vχs). A particularly relevant quantity is the
momentum-exchange cross section
σ(vχs) ≡
∫
d2nˆ′
dσχs
dΩ
(1− nˆ · nˆ′). (1)
In addition to providing general expressions, we shall also
consider power-law dependencies of the form
σ(vχs) = σn v
n
χs, (2)
where n is an (even) integer. The index n = −4 corre-
sponds to a Coulomb-like interaction, which would arise,
for instance, if the DM has a small electric charge [37], up
to logarithmic corrections. The case n = −2 corresponds
to a DM with an electric dipole moment [15]. Even and
positive power laws n = 0, 2, 4, 6 would arise from the
non-relativistic operators considered in Refs. [38], com-
pleting the set introduced in Ref. [39]. While all of these
operators lead to a power-law cross section with protons,
3the velocity dependence for interactions with helium nu-
clei is, in principle, more complex for spin-independent
operators [22, 24]. However, we justify in Appendix A
that for the physical conditions relevant to cosmological
studies, non-pointlike effects are negligible for Helium,
and the DM-Helium cross section can also be approxi-
mated by a power law in relative velocity.
B. Boltzmann equation and collision operator
We denote by fχ(v) the probability distribution of DM
velocities, normalized such that∫
d3v fχ(v) = 1. (3)
This distribution is m3χ/nχ times the DM phase-space
density, and the Boltzmann equation for the latter can
be rewritten as
d
dt
(nχfχ) = nχC[fχ], (4)
where t is the proper time and d/dt is the total derivative
along a free-particle trajectory.
The collision operator is the sum over scatterers s of
individual collision operators Cχs. Each one is an integral
operator of the form
Cχs[fχ](vχ) =
∫
d3v′χ
{
fχ(v
′
χ)Γχs(v
′
χ → vχ)
− fχ(vχ)Γχs(vχ → v′χ)
}
, (5)
where Γχs(vχ → v′χ) is the differential scattering rate per
final velocity volume element. It should be clear that this
operator explicitly conserves the number of DM particles:∫
d3vχ Cχs[fχ](vχ) = 0. (6)
The differential scattering rate is explicitly given by
Γχs(vχ → v′χ) = ns
∫
d3vs d
3v′s fs(vs)
×Mχs(vχ,vs;v′χ,v′s), (7)
where fs is the velocity distribution of scatterers, and
Mχs(vχ,vs;v′χ,v′s) ≡M2msmχ
dσχs
dΩ
×δD
(
1
2
(mχv
′2
χ +msv
′2
s )−
1
2
(mχv
2
χ +msv
2
s)
)
×δD
(
mχv
′
χ +msv
′
s −mχvχ −msvs
)
. (8)
Changing integration variables from v′s to v
′
χs and inte-
grating over v′χs, we may equivalently write it as
Γχs(vχ → v′χ) ≡ ns
∫
d3vsfs(vs)vχs
∫
d2nˆ′
dσχs
dΩ
δD
(
v′χ − vχ −
ms
M
vχs(nˆ
′ − nˆ)
)
. (9)
In this paper we will focus on the collision operator due
to scattering with non-relativistic SM particles, specifi-
cally nuclei or electrons, which we refer to as “baryons”,
following standard abuse of nomenclature. These parti-
cles efficiently scatter with themselves and as a conse-
quence have a MB distribution. Moreover, they scatter
efficiently with one another, hence have a common mean
velocity V b and temperature Tb (but of course, different
species of baryons have different mass ms and density
ns). Explicitly, the scatterers’ velocity distribution is
fs(v) = G(v − V b;Tb/ms), (10)
where G is the Gaussian distribution,
G(w;T/m) ≡
( m
2piT
)3/2
exp
(
−mw
2
2T
)
. (11)
As a consequence, it is easy to show from Eq. (7) that the
differential rates Γχs satisfy the following detailed balance
property:
exp
(
−mχ(v − V b)
2
2Tb
)
Γχs(v → v′)
= exp
(
−mχ(v
′ − V b)2
2Tb
)
Γχs(v
′ → v). (12)
This implies that the collision operator conserves the MB
distribution at temperature Tb and mean velocity V b for
the DM (with mass mχ):
Cχs [G(v − V b;Tb/mχ)] = 0. (13)
III. VELOCITY DRIFT VECTOR AND
DIFFUSION TENSOR
In this section we discuss important intermediate quan-
tities: the rates of velocity drift and diffusion. In sub-
sequent sections, we will relate them to the momentum
and heat-exchange rates, and to the coefficients of the
Fokker-Planck operator.
A. Definitions and general expressions
The velocity drift rate is defined as
d〈∆v〉
dt
∣∣∣
v
≡
∫
d3v′ Γχs(v → v′)(v′ − v). (14)
Similarly, the velocity diffusion tensor is
d〈∆vi∆vj〉
dt
∣∣∣
v
≡
∫
d3v′Γχs(v → v′)(v′ − v)i(v′ − v)j .
(15)
Using Eq. (9), we obtain
d〈∆v〉
dt
∣∣∣
v
=
ρs
M
∫
d3vsfs(vs)v
2
χs∫
d2nˆ′
dσχs
dΩ
(nˆ′ − nˆ). (16)
4The innermost integral is just −σ(vχs)nˆ, where σ is the
momentum-exchange cross section defined in Eq. (1). We
therefore find
d〈∆v〉
dt
∣∣∣
v
= − ρs
M
∫
d3vsfs(vs)vχsvχsσ(vχs). (17)
Changing integration variables to u ≡ vχs, and using
Eq. (10) for the MB distribution fs, we arrive at
d〈∆v〉
dt
∣∣∣
v
= − ρs
M
∫
d3u u u σ(u)G(w − u;Tb/ms), (18)
where from here on we use the notation
w ≡ v − V b . (19)
It should be clear from Eq. (18) that the velocity drift
is parallel to w, and moreover vanishes for w = 0. It
therefore takes the following form,
d〈∆v〉
dt
∣∣∣
v
= − ρs
M
A(w;Tb/ms)w, (20)
where, explicitly,
A(w;T/m) ≡
∫
d3u u
u ·w
w2
σ(u)G(w − u;T/m),
(21)
where we have purposefully left T/m without labels to
keep this expression general.
Similarly, we rewrite the velocity diffusion tensor as
d〈∆vi∆vj〉
dt
∣∣∣
v
=
(ms
M
)2
ns
∫
d3vsfs(vs)v
3
χs∫
d2nˆ′
dσχs
dΩ
(nˆ′ − nˆ)i(nˆ′ − nˆ)j . (22)
In general, this tensor depends on the ` ≤ 2 multipole
moments of the differential cross section. Its trace, how-
ever, only depends on the momentum-exchange cross sec-
tion:
d〈(∆v)2〉
dt
∣∣∣
v
= 2
(ms
M
)2
ns
∫
d3vsfs(vs)v
3
χsσ(vχs).(23)
Here again, this only depend on w = |v−V b|: explicitly,
d〈(∆v)2〉
dt
∣∣∣
v
= 2
ms
M
ρs
M
B(w;Tb/ms), (24)
where
B(w;T/m) ≡
∫
d3u u3σ(u)G(w − u;T/m) . (25)
B. Fluctuation-dissipation relation
Although individually A and B depend on the specific
cross section, one can derive a general relation between
the two. We start by rewriting the Gaussian as
G(w − u;T/m) = e−mw2/2TG(u;T/m)emu·w/T , (26)
so that we may rewrite A(w) and B(w) as follows:
B(w;T/m) = e−mw2/2T
∫
du uF(u) I0
(mwu
T
)
, (27)
A(w;T/m) = 1
w
e−mw
2/2T
∫
du F(u) I1
(mwu
T
)
, (28)
F(u) ≡ 4piu4σ(u)G(u;T/m), (29)
I0(X) ≡ 1
2
∫ 1
−1
dµ eXµ =
sinhX
X
, (30)
I1(X) ≡ 1
2
∫ 1
−1
dµ µ eXµ
=
(X − 1)eX − (X + 1)e−X
2X2
. (31)
Using 2I1 +XI ′1 = XI0, we find
B(w) = T
m
(
3A(w) + wA′(w)
)
+ w2A(w) . (32)
This can be thought of as a generalized fluctuation-
dissipation relation (see, e.g. [40]). In particular, at
w → 0, we find
B(0;T/m) = 3T
m
A(0;T/m). (33)
C. Asymptotic limits
Provided σ is scale-free (as is the case for a power-law
cross section, for instance), then it is easy to see that
A(w;T/m) and B(w;T/m) have a characteristic scale
w∗ ∼
√
T/m. For w √T/m, we have
A(w 
√
T/m) ≈ w σ(w), (34)
B(w 
√
T/m) ≈ w3 σ(w). (35)
D. Explicit expressions for power-law cross sections
If the cross section is a power-law of the form (2), the
coefficients A and B can be expressed in terms of the
confluent hypergeometric function of the first kind:
A(w;T/m) = cn σn
(
T
m
)n+1
2
αn(
√
m/T w), (36)
B(w;T/m) = 3cn σn
(
T
m
)n+3
2
βn(
√
m/T w), (37)
αn(x) ≡ 1F1
(
−n+ 1
2
,
5
2
,−x
2
2
)
, (38)
βn(x) ≡ 1F1
(
−n+ 3
2
,
3
2
,−x
2
2
)
, (39)
cn ≡ 2
5+n
2
3
√
pi
Γ(3 + n/2). (40)
5Note that the same hypergeometric functions appear in
the momentum and heating rate if the DM has a MB
distribution [26] – see also Ref. [11] for the case n = −4.
The coefficients A and B are more fundamental quanti-
ties, however, independent of the DM distribution: here
the relevant temperature and mass are those of the scat-
terers. We will show in the next section how they imply
the expressions of Refs. [11, 26].
IV. MOMENTUM- AND HEAT-EXCHANGE
RATES
While the phase-space density fχ contains the full in-
formation about the DM velocity distribution, it is useful
to write equations for its first few moments. In particu-
lar, the rates of momentum and heat exchange, related to
the first two moments, are most relevant for cosmological
observables.
A. General expressions
We define the DM bulk velocity V χ and effective tem-
perature Tχ such that
V χ ≡
∫
d3v v fχ(v), (41)
Tχ ≡ 1
3
mχ
∫
d3v (v − V χ)2 fχ(v). (42)
The momentum exchange rate (per unit volume) is
P˙χ ≡ ρχV˙ χ
∣∣
χs
= −ρbV˙ b
∣∣
χs
≡ −P˙b
= ρχ
∫
d3v v Cχs[fχ](v) (43)
= ρχ
∫
d3v fχ(v)
d〈∆v〉
dt
∣∣∣
v
, (44)
where, to get the third line, we inserted the collision
operator (5) into Eq. (43), used the symmetries of the
integrand, and the definition (14) of the velocity drift
vector. Note that it is the total baryon density ρb that
multiplies V˙ b, even if only a specific species scatters
with the DM. Indeed, baryons quickly share momentum
among all species through frequent interactions. Substi-
tuting Eq. (20), we obtain the following expression for
the momentum-exchange rate:
P˙χ = −ρsρχ
M
∫
d3vfχ(v)A(w;Tb/ms) (v − V b) .(45)
Similarly, the DM heating rate per unit volume is
Q˙χ ≡ 3
2
nχT˙χ
∣∣
χs
=
1
2
ρχ
∫
d3v (v − V χ)2 Cχs[fχ](v). (46)
Using the symmetries of the integrand, this can be re-
expressed in terms of the trace of the velocity diffusion
tensor (15) and of the drift rate (14) as follows:
Q˙χ = 1
2
ρχ
∫
d3v fχ(v)
×
(
d〈(∆v)2〉
dt
∣∣∣
v
+ 2(v − V χ) · d〈∆v〉
dt
∣∣∣
v
)
.(47)
Substituting Eqs. (20) and (24), we arrive at
Q˙χ = ρsρχ
M
∫
d3v fχ(v)×
(ms
M
B(w;Tb/ms)
− (v − V χ) · (v − V b)A(w;Tb/ms)
)
. (48)
We may similarly define the baryon heating rate Q˙b ≡
3
2nbT˙b|χs. Conservation of total energy (arising from
both thermal and bulk motions) implies that
Q˙χ + Q˙b + V χb · P˙χ = 0 , (49)
where we used P˙b = −P˙χ. Here again, it is the total
baryon number density nb that appears in the baryon
heat exchange rate, for baryons quickly share heat even
if only a specific species scatters with the DM.
B. Case of a MB distribution
If the DM is thermalized by frequent self-interactions,
its distribution is MB:
fχ(vχ) = G(vχ − V χ;Tχ/mχ). (50)
In that case, the momentum and heat-exchange rates can
be re-expressed in terms of the drift and diffusion rates
evaluated at T/m = Tb/ms + Tχ/mχ, as we show now.
We start by inserting Eq. (17) into Eq. (43), to get
P˙χ = −ρsρχ
M
∫∫
d3vχd
3vsfχ(vχ)fs(vs)
×vχsvχsσ(vχs). (51)
We rewrite the joint Gaussian distribution of vχ,vs as
the joint Gaussian distribution of the independent vari-
ables vχs ≡ vχ − vs and
v+ ≡
√
Tbmχ
Tχms
(vχ − V χ) +
√
Tχms
Tbmχ
(vs − V b), (52)
with means V χb and zero, respectively, and both with
variance
v2th ≡ Tχ/mχ + Tb/ms. (53)
Changing integration variables to v+ and u ≡ vχs and
integrating over the former, we arrive at
P˙χ = −ρχρs
M
∫
d3u u u σ(u)G(u− V χb; v2th). (54)
6Comparing with Eqs. (18) and (21), we see that the last
integral is A(w; v2th)w, evaluated at w = V χb, and sub-
stituting T/m→ v2th:
P˙χ = ρχρs
M
A(Vχb; v2th)× (V b − V χ) . (55)
We proceed similarly for the heating rate, which we
rewrite, using Eqs. (17) and (23) as
Q˙χ = ρsρχ
M
∫∫
d3vχd
3vsfχ(vχ)fs(vs)vχsσ(vχs)
×
{ms
M
v2χs − vχs · (vχ − V χ)
}
. (56)
We rewrite
vχ − V χ =
√
TχTb
mχms
v2th
v+ +
Tχ/mχ
v2th
(vχs − V χb) , (57)
so that the last term in Eq. (56) is
ms
M
v2χs − vχs · (vχ − V χ) =
Tb − Tχ
Mv2th
v2χs +
Tχ/mχ
v2th
vχs · V χb −
√
TχTb
mχms
v2th
vχs · v+.(58)
Again, we change variables to v+, u ≡ vχs, and integrate
over v+. Here again, we can re-express the result in terms
of the drift and diffusion rates evaluated at w = Vχb,
substituting Tb/ms → v2th:
Q˙χ = ρχρs
M2v2th
B(Vχb; v2th)× (Tb − Tχ)
+
ρχρs
Mv2th
Tχ
mχ
A(Vχb; v2th)V 2χb. (59)
Using Eq. (49), we see that Q˙b takes the same expres-
sion, with exchange of χ and s, as it should. The first
term in Eq. (59) corresponds to heat transfer from the
hottest to the coolest component. The second term is a
net heating for both components, due to dissipation of
bulk motions into heat, with efficiency proportional to
the thermal velocity dispersion of each fluid.
If we specialize to power-law cross sections, inserting
Eqs. (36)-(37) into Eqs. (55) and (59), we recover the
expressions derived in Ref. [26] (and Ref. [11] for n =
−4). Once again, Eqs. (36)-(37) are more fundamental
quantities, wich do not depend on the DM distribution.
C. Limiting cases with closed forms
In general, the integrals appearing in the momentum
and heat-exchange rates (45) and (48) cannot be ex-
pressed as closed forms of V χ and Tχ. They depend
on the full phase-space distribution fχ(v), which must
be obtained by solving the full Boltzmann equation (4).
Besides the case where fχ is a MB distribution, discussed
above, closed forms may also be obtained if fχ is suffi-
ciently narrow. Throughout we assume a scale-free cross
section, implying that w2A′′ ∼ wA′ ∼ A and similarly
for B.
1. Case where Tχ/mχ  V 2χb
If fχ(v) = fχ(w + V b) is sufficiently narrow relative
to its mean at w = Vχb, we may Taylor-expand A and B
around w = Vχb, and obtain, up to corrections of relative
order (Tχ/mχ)/V
2
χb:
P˙χ ≈ ρsρχ
M
A(Vχb;Tb/ms)× (V b − V χ) , (60)
Q˙χ ≈ ρsρχ
M
(
ms
M
B − Tχ
mχ
(3A+ wA′)
)
(Vχb;Tb/ms)
.(61)
Using the fluctuation-dissipation relation (32), we rewrite
the heating rate as
Q˙χ ≈ ρsρχ
M2(Tb/ms)
B(Vχb;Tb/ms)×
(
Tb − M
mχ
Tχ
)
+
ρsρχ
M(Tb/ms)
Tχ
mχ
V 2χbA(Vχb;Tb/ms). (62)
These expressions hold provided Tχ/mχ  V 2χb. This
limiting case can then be sub-divided into two sub-cases:
• Either Tb/ms & V 2χb  Tχ/mχ, in which case the
variance of the relative thermal motion is v2th ≈ Tb/ms.
Hence, Eq. (60) becomes identical to Eq. (55) obtained
under the assumption of a MB distribution. Neglecting
msTχ/(mχTb) in the first term of Eq. (62), we see that
this equation becomes identical to Eq. (59).
• Or Tb/ms  V 2χb, in which case we also have
Vχb  vth. Then, from Eqs. (34) and (35), B(Vχb) ≈
V 2χbA(Vχb) ≈ V 3χbσ(Vχb), independent of temperature,
and valid whether the coefficients are evaluated at Tb/ms
or vth. In that case again, Eqs. (60) and (55) are identi-
cal, and so are Eqs. (62) and (59), which both reduce to
Q˙χ ≈ (ρsρχms/M2)V 3χbσ(Vχb).
2. Case where Tχ/mχ  Tb/ms and V 2χb  Tb/ms
If the support of fχ is well within the characteristic
scale of the coefficients A and B, i.e. if both V 2χb and
Tχ/mχ are much smaller than Tb/ms, then, regardless
of the relative ordering of V 2χb and Tχ/mχ, we can again
Taylor-expand A and B near w = 0. The momentum and
heating rate are given by Eq. (60) and (62) evaluated at
w = 0 and Tb/ms ≈ v2th. Here again, we may neglect
msTχ/(mχTb) in the first term of Eq. (62), hence find
that Eqs. (60) and (62) are identical to Eqs. (55) and
(59), respectively.
To conclude, we have identified two limiting cases
where Eqs. (55) and (59) still hold, even if the under-
lying DM distribution is not MB:
Tχ/mχ  V 2χb
or (63)
V 2χb  Tb/ms and Tχ/mχ  Tb/ms.
7In these limiting cases, the momentum and heat-
exchange rate become closed equations for the DM mean
velocity V χ and its effective temperature Tχ, regardless
of the underlying velocity distribution, provided it is suf-
ficiently narrow.
V. FOKKER-PLANCK APPROXIMATION TO
THE COLLISION OPERATOR
A. Motivation
If the DM distribution is not set to MB by self-
interactions, we must explicitly solve for fχ to get the mo-
mentum and heat exchange rates when fχ is too broad.
Specifically, the closed-form expressions derived in Sec-
tion IV C no longer apply when (63) is not satisfied, i.e. if
V 2χb . Tχ/mχ and Tb/ms . Tχ/mχ. (64)
Conveniently, this corresponds to the regime where the
characteristic change in the DM velocity per scattering
event is smaller than the variance of the DM distribution.
Indeed, during an elastic scattering event χ+ s→ χ+ s,
the DM velocity changes by
v′χ − vχ =
ms
M
vχs(nˆ
′ − nˆ), (65)
This implies
(∆v)2
Tχ/mχ
∼
(ms
M
)2(
1 +
V 2χb + Tb/ms
Tχ/mχ
)
. 1. (66)
This is precisely the regime where the integral colli-
sion operator (5) can be approximated by a diffusion or
Fokker-Planck (FP) operator. Such a collision operator is
more amenable to efficient numerical evolution than the
full integral operator (5). Thinking of this approximation
in terms of a discretized distribution function, the exact
integral collision operator corresponds to a multiplication
by a full matrix, while the FP operator corresponds to a
tri-diagonal matrix.
Strictly speaking, the diffusion approximation is ex-
pected to be most accurate when the velocity change per
scattering is much smaller than the width of the DM dis-
tribution, i.e., from Eq. (66), when ms  mχ. When
this condition is not satisfied, there isn’t a well-defined
small parameter in which to expand the integral collision
operator, see e.g. [33].
To minimize errors even when scattering is not strictly
diffusive, we will construct the FP collision operator with
a “top-down” approach. Rather than starting from the
exact collision operator and Taylor-expanding in ∆v (as
done, e.g. in studies of kinetic decoupling of neutralino
DM [41] scattering with relativistic leptons [29–31]), we
start from a general second-order diffusion operator, and
uniquely determine all coefficients by demanding that
this operator satisfies essential properties of the exact
collision operator. Specifically, we enforce that the op-
erator conserves DM number, satisfies detailed balance,
and gives the correct momentum and heat exchange rates
for a given distribution fχ. This ensures that we can use
the FP operator through the entire evolution of the DM
distribution function (with a subtle caveat, which we dis-
cuss later on). Indeed, even if the DM distribution is too
narrow for the diffusion approximation to strictly apply,
our FP operator is constructed in such a way to give the
correct closed-form expressions for the momentum and
heat-exchange rates that apply in this case. It there-
fore leads to the correct evolution of the bulk momentum
and effective temperature, as well as the correct heat and
momentum-exchange rates, even if the DM distribution
is inaccurately computed.
In summary, either the DM velocity distribution is
broad, in which case the FP approximation is accurate,
or it is narrow, in which case our top-down FP operator
still recovers the correct heat and momentum-exchange
rates. We defer to future work a quantitative study of
the accuracy of this approximation in the intermediate
regime.
B. Top-down construction of the FP operator
We seek to approximate the exact collision operator by
a second-order differential operator of the form [40]
C[fχ](v) =
∂
∂vi
{
1
2
∂
∂vj
[
Dij(v)fχ(v)
]
+ di(v)fχ(v)
}
.(67)
This operator explicitly conserves particle number, i.e.
satisfies Eq. (6). We now determine the vector d and
symmetric tensor Dij so that this approximate collision
operator gives the correct momentum and heat exchange
rates, and satisfies detailed balance.
Multiplying Eq. (67) by mχv and integrating over ve-
locities, we find, after integrating by parts,
P˙χ = −ρχ
∫
d3v d(v)fχ(v). (68)
For this expression to be identical to Eq. (44) for any
distribution fχ, it must be that the vector d(v) is the
opposite of the velocity drift vector:
d(v) ≡ −d〈∆v〉
dt
∣∣
v
=
ρs
M
A(w;Tb/ms)w. (69)
Similarly, multiplying Eq. (67) by 12 (v − V χ)2 and inte-
grating over velocities, we find the heating rate
Q˙χ = 1
2
ρχ
∫
d3v
[
Dii − 2(v − V χ) · d(v)
]
fχ(v).(70)
For this expression to be identical to Eq. (47) for any
distribution fχ, it must be that the trace of D
ii is the
trace of the velocity diffusion tensor:
D ≡ Dii ≡ d〈(∆v)
2〉
dt
∣∣
v
= 2
msρs
M2
B(w;Tb/ms). (71)
8To determine the anisotropic components of Dij , we en-
force detailed balance by imposing that the number flux
– the quantity in brackets in Eq. (67) – vanishes for a
MB distribution at temperature Tb, and mean velocity
V b (with mass mχ). This condition is obtained by inte-
grating Eq. (67) over any finite velocity volume and using
Stokes’ theorem. This constrains the FP coefficients to
satisfy
∂jD
ij − mχ
Tb
(v − Vb)jDij + 2di = 0. (72)
Isotropy in the rest-frame of the scatterers imply that
the tensor Dij only has two independent components,
longitudinal and transverse to w = v−V b, respectively,
and whose magnitude only depend on w:
Dij(v) = D||(w)wˆiwˆj +D⊥(w)
(
δij − wˆiwˆj) .
=
D||(w)
2
(
3wˆiwˆj − δij)+ D(w)
2
(
δij − wˆiwˆj) . (73)
Inserting this expression into Eq. (72), we find that
D||(w) satisfies the following first-order differential equa-
tion (see [42] for equivalent equations in a very different
context):
w
dD||
dw
+ 3D||(w)− mχw
2
Tb
D|| = D − 2w · d
= 2
ms
M
ρs
M
(
B(w;Tb/ms)− M
ms
w2A(w;Tb/ms)
)
.(74)
Using the fluctuation-dissipation relation (32), we find
D||(w) = 2
ρsTb
M2
A(w;Tb/ms). (75)
We have therefore entirely determined the coefficients
Dij and d and uniquely defined the FP operator.
To summarize, using Eq. (72), the FP operator is
C[fχ](v) =
1
2
∂
∂vi
{
Dij
(
∂fχ
∂vj
+
mχ
Tb
(v − Vb)jfχ
)}
,(76)
where the tensor Dij is given by
Dij(v) =
ρsms
M2
{
B(w;Tb/ms)
(
δij − wˆiwˆj)
+
Tb
ms
A(w;Tb/ms)
(
3wˆiwˆj − δij)}. (77)
The FP operator (76) is an approximation to the full col-
lision operator, expected to be most accurate when scat-
tering events typically change the DM velocity by a small
fractional amount. It conserves the DM number, and
gives the correct rates of momentum and heat exchange,
at a given distribution function. Finally, it satisfies de-
tailed balance, i.e. preserves the Maxwell-Boltzmann dis-
tribution at temperature Tb and mean velocity V b. In
this sense, it is the best possible diffusion approximation
to the full collision operator, even when velocity changes
per scattering are not small. It most notably differs from
previously derived expressions (e.g. [33] and references
therein) by the velocity dependence and anisotropy of
the diffusion tensor.
VI. BACKGROUND EVOLUTION
A. Homogeneous FP equation
We first study the evolution of the background homo-
geneous and isotropic distribution fχ, in the absence of
perturbations. Setting V b = 0, the FP operator (76)
becomes
C[fχ](v) ≡
ρsTb
M2v2
∂
∂v
{
v2A(v)
(
∂fχ
∂v
+
mχ
Tb
vfχ
)}
,(78)
where all densities and temperatures are background (ho-
mogeneous) quantities, and the coefficientA is to be eval-
uated at Tb/ms. The Boltzmann equation in the expand-
ing background is
d
dt
(a−3fχ) ≡ (∂t −Hv∂v) (a−3fχ) = a−3C[fχ](v),(79)
where H is the Hubble rate and we used nχ ∝ a−3. The
evolution of the effective temperature is then
1
a2
d
dt
(a2Tχ) =
mχ
3
∫
d3v v2 C[fχ](v)
= −2ρsTbmχ
3M2
∫
d3v A(v)
(
v∂vfχ +
mχv
2
Tb
fχ
)
,(80)
where we have integrated by parts to get the second ex-
pression.
B. Condition of validity of the MB distribution
We now show that the MB distribution with tempera-
ture Tχ is the solution of the background FP equation if
and only if the diffusion coefficient A is independent of
velocity.
We start by defining a MB temperature TMBχ , whose
evolution is obtained by substituting a MB distribution
fMBχ with temperature T
MB
χ in Eq. (80). This is what is
usually used as the DM temperature in the existing liter-
ature, and in general is not equal to the correct effective
temperature defined in Eq. (42). We find
1
a2
d
dt
(
a2TMBχ
)
=
2ρsmχ
M2
AMB (Tb − TMBχ ) , (81)
where the velocity-independent coefficient AMB is the fol-
lowing weighted average of A(v;Tb/ms):
AMB ≡
∫
d3v
mχv
2
3TMBχ
fMBχ (v;T
MB
χ )A(v;Tb/ms). (82)
This expression can be independently derived from
Eq. (59), setting Vχb = 0:
1
a2
d
dt
(
a2TMBχ
)
=
2ρsmχ
3M2v2th
B(0; v2th)
(
Tb − TMBχ
)
=
2ρsmχ
M2
A(0; v2th)
(
Tb − TMBχ
)
(83)
9where v2th is given by Eq. (53), with Tχ → TMBχ , and we
used the fluctuation-dissipation relation (33). We con-
clude that
AMB = A(0;Tb/ms + TMBχ /mχ). (84)
We now define CMB to be the FP operator obtained by
replacing A(v) by AMB in Eq. (78). Let us show that the
MB distribution at temperature TMBχ is a solution of
a3
d(a−3fMBχ )
dt
= CMB[fMBχ ]. (85)
The left-hand-side is
a3
d(a−3fMBχ )
dt
=
3
2
d
dt
ln(a2TMBχ )
(
mχv
2
3TMBχ
− 1
)
fMBχ (v).
(86)
On the other hand, since AMB is independent of v, we
may rewrite the right-hand-side as
CMB[fMBχ ](v) =
3mχρs
M2TMBχ
AMB(Tb − TMBχ )
×
(
mχv
2
3TMBχ
− 1
)
fMBχ (v). (87)
We see that Eq. (85) is indeed satisfied for all v provided
TMBχ is a solution of Eq. (81).
Let us now define ∆A(v) ≡ A(v) − AMB, ∆C[fχ] ≡
C[fχ]−CMB[fχ] and ∆fχ = fχ − fMBχ . Using Eq. (85),
the Boltzmann equation can be rewritten as the following
inhomogeneous partial differential equation for ∆fχ:
a3
d(a−3∆fχ)
dt
− C[∆fχ] = ∆C[fMBχ ]
=
mχρs(T
MB
χ − Tb)
M2TMBχ v
2
∂
∂v
{
v3∆A(v)fMBχ (v)
}
.(88)
This equation does not admit ∆fχ = 0 as a solution,
unless the right-hand-side vanishes for all v, which is the
case if and only if A = AMB is independent of veloc-
ity. We therefore conclude that the MB distribution is
a solution of the homogeneous Boltzmann-FP equation
if and only if A is independent of velocity. As a conse-
quence, the temperature TMBχ is in general not equal to
the effective temperature Tχ defined in Eq. (42). More
importantly, the background heat exchange rate is not
correctly captured by the MB approximation if A is ve-
locity dependent.
C. Numerical solution during radiation domination
For most cosmological probes of interest, thermal and
kinematic decoupling of the DM occurs deep in the ra-
diation era given current upper bounds, and we focus on
this epoch here to simplify the problem and gain intu-
ition. We therefore assume that H(a) = H0Ω
1/2
r a−2. We
also assume that DM scatters off a single species s, with
background density ns = ns0a
−3. The generalization
to an arbitrary Hubble expansion rate and to multiple
scatterers is straightforward, but does not allow to write
equations in the simple dimensionless form that we now
derive.
1. Thermal approximation
We assume that, up to very small perturbations, heat
exchange with the DM does not noticeably affect the
standard temperature evolution of the photon-baryon
plasma, which is in thermal equilibrium at these red-
shifts, with a temperature Tb = T0/a. We specialize to
power-law cross sections of the form (2), with n > −3,
so that the DM is thermally coupled to the baryons at
early times, and eventually decouples. We denote by an
the characteristic scale factor at thermal decoupling [8]:
a
n+3
2
n ≡ 2cnσn ns0
H0Ω
1/2
r
(
M2
msmχ
)n−1
2
(
T0
M
)n+1
2
, (89)
where cn was defined in Eq. (40). We define the rescaled
scale factor y and dimensionless effective temperature X:
y ≡ a/an, X ≡ Tχ/Tb. (90)
We also define the dimensionless heat exchange rate
Q ≡ Q˙χ3
2nχHTb
=
d
dy
(yX). (91)
In terms of these variables, Eq. (81) may be rewritten as
d(yXMB)
dy
=
(
1 + (ms/mχ)X
MB
1 +ms/mχ
)n+1
2 1−XMB
y
n+3
2
.(92)
This makes it clear that, for a given n, the evolution of
TMBχ /Tb is a function of y and ms/mχ only.
We show the numerical solution of Eq. (92) and result-
ing dimensionless heat-exchange rate in Fig. 1, for n = 0
and 2, and for ms/mχ = 0.01, 1, 100. We can understand
its asymptotic features as follows.
First, for y  1, we have XMB → 1 and QMB → 1.
More precisely, we find the following asymptotic expan-
sion:
XMB ≈ 1− y n+32 + n+ 5 + 4ms/mχ
2(1 +ms/mχ)
yn+3, (93)
valid up to corrections of order O
(
y
3
2 (n+3)
)
. We use
this expression to initialize our numerical integration of
Eq. (92).
Secondly, for y & 1, we have XMB ∼ 1/y. Once
(ms/mχ)X
MB  1, we find
QMB ≈ y
−n+32
(1 +ms/mχ)
n+1
2
, y  max(1,ms/mχ). (94)
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FIG. 1. Evolution of the rescaled DM temperature
X ≡ Tχ/Tb and dimensionless heat-exchange rate Q ≡
Q˙χ/ 32nχHTb as a function of the rescaled scale factor y =
a/an, in the Maxwell-Boltzmann approximation.
If ms/mχ  1, there is moreover an intermediate regime,
QMB ∼ 1
yn+2
, 1 y  ms/mχ. (95)
2. Fokker-Planck solution
We rewrite the Boltzmann equation in terms of y =
a/an and dimensionless variables
x ≡
√
mχ
Tb
v, N (y, x) ≡ 4piv3fχ(a, v). (96)
The function N is the distribution of velocities per log-
arithmic interval, such that
∫
d lnx N = 1. The Boltz-
mann equation becomes
y∂yN − 1
2
x∂xN = 1
2
(mχ
M
)n+1
2
y−
n+3
2 ×
x∂x
{
x2αn
(
x
√
ms
mχ
)[
∂x(N/x3) + x(N/x3)
]}
. (97)
Again, the evolution ofN (y, x) only depends on the index
n and on the mass ratio ms/mχ. The rescaled effective
temperature X = Tχ/Tb is then obtained from
X =
1
3
∫
d lnx x2N , (98)
and the dimensionless heat-exchange rate Q is again ob-
tained from Q = d(yX)/dy.
We evolve Eq. (97) numerically using a method sim-
ilar in spirit to that of Refs. [43, 44]: we discretize the
collision operator with a tridiagonal matrix, which ex-
actly satisfies detailed balance and conserves DM num-
ber; we use a fixed logarithmic timestep ∆ ln y and set
∆ lnx = ∆ ln y/2 so that Hubble redshifting can be ex-
actly accounted for by simply moving down the distri-
bution N by one bin at each timestep. As a sanity
check, we verified that our code does recover a MB dis-
tribution with temperature TMBχ when solving Eq. (97)
with the velocity-averaged diffusion coefficient αMBn ≡
(1+(ms/mχ)X)
(n+1)/2. For increased accuracy, we solve
for ∆N ≡ N −NMB, as this vanishes initially, and is less
prone to numerical errors.
We find that the amplitude of the distortion from MB
and the fractional change in heating rate |Q − QMB|/Q
both increase with ms/mχ, as well as with |n + 1|. For
ms/mχ ≤ 1, we find that the MB approximation repro-
duces the heat-exchange rate to better than 15% accu-
racy for −2 ≤ n ≤ 4. We emphasize that, by no means
does this imply that perturbed quantities are recovered
this accurately by the MB approximation.
For ms/mχ  1, however, the MB approximation and
FP solution have order-unity differences, in particular for
n ≥ 2. This is illustrated in Fig. 2, where we show, for
ms/mχ = 100, the departure of the DM distribution from
MB, and the resulting heat-exchange rates. Fig. 3 shows
the fractional difference in heat-exchange rate between
the MB approximation and the FP solution, for several
mass ratios and indices n. We see that this difference
is largest around the time of decoupling, but remains
significant all the way to y ∼ ms/mχ (corresponding to
Tχ/mχ ∼ Tb/ms), i.e. until long after thermal decoupling
if ms  mχ. At later times, the heating rates eventually
converge, despite the fact that non-thermal distortions to
the DM distribution are largest (see left panel of Fig. 2).
This is to be expected from our discussion in Section
IV C: once Tχ/mχ  Tb/ms, the heating rate takes on a
closed form, independent of the detailed shape of fχ.
It is noteworthy that, somewhat counterintuitively, the
MB approximation happens to be most accurate for cases
where decoupling takes the longest. The reason is that
the swiftness of decoupling plays no role in the accuracy
of the MB approximation: it is only dependent on the
steepness of the diffusion coefficient across the width of
the DM distribution. It is also worthwhile noticing that
the MB approximation systematically overestimates the
efficiency of heat exchange.
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FIG. 2. For a baryon-to-DM mass ratio ms/mχ = 100, the left column shows the departure of the DM velocity distribution
from MB, for several values of the index n such that σχb ∝ vnχb. The right column shows the corresponding dimensionless
heat-exchange rates and their fractional difference, as a function of a/an, where an is the characteristic scale factor of thermal
decoupling. The colored points on the right column correspond to the times at which the distortion is plotted on the left. We
see that the characteristic distortion amplitude and |∆Q|/Q increase with |n + 1|. For n = 2 and, especially, n = 4, the heat
exchange rates computed in the MB approximation and with the Boltzmann-Fokker-Planck equation differ by order unity.
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FIG. 3. Fractional difference in the homogeneous heat-
exchange rate computed in the MB approximation and from
the FP equation, as a function of rescaled scale factor, for
n = 0, 2, 4, and for baryon-to-DM mass ratios ms/mχ =
1, 10, 102, 103, from bottom to top on each panel. For n = 0,
the homogeneous exchange rate does not differ by more than
a few percent, while for n = 4, there are order-unity differ-
ences for ms/mχ & 10. For n = 4, ms/mχ = 103, the curve
is truncated at y = 300, beyond which Q . 10−15.
VII. PERTURBATIONS
A. Invalidity of the MB approximation for
perturbations
In order to study the impact of DM-baryon scat-
tering on the evolution of perturbation, hence CMB
anisotropies and large-scale-structure observables, we
must solve for the perturbed Boltzmann-Fokker-Planck
equation.
Let us first note that, even if the diffusion coefficient is
isotropic and independent of velocity, the MB distribu-
tion is not a solution of the Boltzmann equation as soon
as there are spatial perturbations. To see this, consider
the case where Dij = D||δij , where D|| is independent
of velocity. Insert the MB distribution into both sides
of the perturbed Boltzmann equation. Equate the coeffi-
cients of 1−mχ(v−V χ)2/3TMBχ , and find the following
equation for the temperature:
1
a2
(
∂t +
1
a
v · ∇x
)
(a2TMBχ ) =
mχ
Tb
D||(Tb−TMBχ ). (99)
The advection term v · ∇x implies that the temperature
must depend on the velocity of the non-relativistic DM,
hence that a MB distribution is not permitted. This
would not be the case had the DM been relativistic: in
this case, an anisotropic but still thermal momentum dis-
tribution would be permitted – it is the case, for instance,
of CMB photons, whose spectrum is a blackbody with a
direction-dependent temperature.
We therefore expect factor-of-a-few differences between
the thermal approximation and the FP equation when
computing the momentum-exchange rate, even for a
nearly velocity-independent diffusion rate. From our
study of the background heat-exchange rates in Section
VI, we expect that the fractional difference will be the
largest around thermal decoupling at redshift zn = a
−1
n ,
and remain significant until z ∼ (mχ/ms)zn for mχ 
ms. For mχ = 1 MeV, the 95%-confidence upper lim-
its to the DM-baryon cross section of Ref. [24] translate
to zn ≈ (16, 8) × 104 for the operators O7(n = 2) and
O3(n = 4), respectively. This implies that fractional dif-
ferences in heat and momentum-exchange rates ought to
be significant from z ∼ 105 all the way down to z ∼ 102,
i.e. throughout the epochs relevant to CMB anisotropies,
from which these limits are derived. We therefore expect
that the differences between the thermal approximation
and the FP treatment ought to affect upper bounds and
forecasts at the factor-of-a-few level.
B. Boltzmann-Fokker-Planck hierarchy
The most sensible method to numerically solve for the
perturbed DM distribution is to first expand it (in Fourier
space) on the basis of Legendre polynomials, as is usually
done in the study of photons or neutrinos [45]. We define
the perturbation δfχ as
δfχ ≡ (1 + δχ)fχ − fχ, (100)
where δχ ≡ δnχ/nχ. For a given Fourier wavenumber k,
we then expand δfχ as
δfχ(t,k,v) =
∑
`
i`(2`+ 1)f`(t,k, v)P`(kˆ · vˆ). (101)
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To write the perturbed Boltzmann equation, we must
first specify a gauge. We adopt the conformal Newtonian
gauge [45], with metric
ds2 = a2[−(1 + 2ψ)dτ2 + (1− 2φ)dx2]. (102)
The time appearing in the Boltzmann equation is the
proper time of comoving observers1, dt ≡ a(1 + ψ)dτ .
The Boltzmann equation can then be rewritten in terms
of conformal time τ as
a3
d
dτ
[
a−3(1 + δχ)fχ
]
= a(1 + ψ)C[(1 + δχ)fχ]. (103)
Let us first compute the right-hand-side to linear order
in perturbations:
C[(1 + δχ)fχ] = C[fχ]
+
∑
`
i`(2`+ 1)C[f`(t,k, v)P`(kˆ · vˆ)], (104)
where C is the background collision operator, obtained
for V b = 0 and homogeneous and isothermal scatterers.
It is relatively straightforward to show that
C[f`(t,k, v)P`(kˆ·vˆ)] =
(
C[f`]− `(`+ 1)
2
D⊥
v2
f`
)
P`(kˆ·vˆ).
(105)
The term C[fχ] has perturbations due to inhomogeneities
in the scatterers’s density and temperature, as well as
their peculiar velocity. The latter is the most delicate to
compute, due to the dependence of the diffusion tensor
on V b. It is best to first rewrite
fχ(v) = fχ(v − V b) + (V b · vˆ)∂vfχ, (106)
to linear order in perturbations. We then get
C[fχ](v) =
1
2w2
∂
∂w
[
w2D||
(
∂wfχ +
mχ
Ts
wfχ
)]
w=v−V b
+ C[(V b · vˆ)∂vfχ]
= (1 + δs)C[fχ](v) + δTb
δC
δTb
[fχ]
+ (V b · vˆ)
[
C[∂vfχ]−
D⊥
v2
∂vfχ − ∂v
(
C[fχ]
)]
, (107)
where δs ≡ δρs/ρs. The last line of Eq. (107) reduces to
1
2D||
mχ
Tb
V b · ∂vfχ if the diffusion tensor is isotropic and
independent of velocity, as it should.
Let us now consider the left-hand-side of the Boltz-
mann equation. To evaluate the total derivative opera-
tor d/dτ , we must first clarify the meaning of v: it is the
proper velocity measured by a comoving observer, i.e. ,up
to corrections of order v2, and to linear order in metric
perturbations,
vi = vi = (1− φ− ψ)dx
i
dτ
. (108)
1 This t is therefore not the usual FLRW time coordinate.
The geodesic equation then translates to
dv
dτ
= −aHv + φ˙ v − ∂xψ. (109)
Hence, to linear order, the total derivative operator is
d/dτ = ∂τ + v · ∂x + (−aHv + φ˙v − ∂xψ) · ∂v, (110)
where we neglected perturbed quantities multiplying ∂x,
which only acts on perturbations. Putting everything
together, and moreover assuming V b = ikˆVb, as is the
case for scalar modes, we arrive at the following hierarchy
of equations for the perturbations:
a3∂τ (a
−3f`)− aHv∂vf` + kv
2`+ 1
[`f`−1 − (`+ 1)f`+1]
= a
(
C − `(`+ 1)
2
D⊥
v2
)[
f` +
1
3
Vb∂vfχδ`1
]
+
(
a(ψ + δs)C[fχ] + aδTb
δC
δTb
[fχ]− φ˙v∂vfχ
)
δ`0
+
1
3
(
kψ∂vfχ − aVb∂v
(
C[fχ]
))
δ`1. (111)
This hierarchy is similar to that satisfied by massive neu-
trinos [45], with an additional collision term.
The DM hierarchy must be solved simultaneously with
the evolution of baryon perturbations. Baryons are them-
selves always an ideal thermal fluid, described by their
density, bulk velocity and temperature. The continuity
equation is unchanged, but the momentum equation gets
an additional contribution due to scattering with DM,
given by Eq. (45). This can be rewritten in terms of the
dipole part of the DM perturbation, f1, as follows:
ρbV˙b|χb =
ρsρχ
M
∫
d3v vA(v)
(
f1(v) +
1
3
Vb∂vfχ
)
.(112)
We see that the full shapes of f1(v) and fχ are relevant
to the momentum-exchange rate. Notice that it is ρb that
appears in the left-hand-side, as all baryons rapidly share
momentum, but only the mass density of scatterers, ρs,
that appears on the right-hand-side.
The baryon temperature Tb = T b + δTb must also be
solved for simultaneously. In addition to adiabatic cool-
ing and Compton heating, DM-baryon interactions lead
to the following cooling rate, to linear order in perturba-
tions:
3
2
nbT˙b|χb =
ρsρχ
M
∫
d3v
(
fχ(v) + f0(v)
)
×
(ms
M
B(v;Tb/ms)− v2A(v;Tb/ms)
)
.(113)
Perturbations to this equation2 arise from the monopole
of the perturbed DM distribution f0, as well as pertur-
bations to Tb inside A and B.
2 It is worthwhile pointing out that none of the linear-cosmology
studies of DM-baryon interactions seem to have considered per-
turbations to the baryon and DM temperatures thus far.
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Finally, the system is closed with the Einstein field
equations, sourcing the potentials φ and ψ, which also
depend on integrals of the moments f`≤2.
A particular case of the perturbed Boltzmann-FP
equation for neutralino-DM was first studied in Ref. [29].
In that case, the DM scatters off relativistic leptons, and
the diffusion tensor is isotropic and independent of veloc-
ity. This allowed the author of [29] to further expand the
DM distribution function on the basis of eigenfunctions
of the FP operator (see also Ref. [33], and application in
Ref. [46] with a truncated hierarchy that reduces to ideal
thermal fluid equations). In contrast, no analytic eigen-
functions are available for the velocity-dependent diffu-
sion tensor that we first study here. One must therefore
solve a system of partial differential equations for the
f`(τ,k, v) rather than ordinary differential equations for
the coefficients of the eigenfunctions. Still, the numeri-
cal burden should be manageable, and not much larger
than what is required to solve the Boltzmann hierarchy
for massive neutrinos. We defer to future work the im-
plementation of the above Boltzmann-FP hierarchy into
a CMB Boltzmann code, as well as the subsequent ex-
traction of limits on DM-baryon cross sections from CMB
anisotropy data.
VIII. LIMITATIONS AND EXTENSIONS
A. Late-coupling scenarios
So far we have only considered velocity dependences
such that the DM starts thermally and kinematically
coupled to baryons, and eventually decouples. For steep
enough negative power laws of velocity, the reverse hap-
pens: the DM starts thermally and kinematically decou-
pled, and couples to baryons at late time.
A concrete example is a Coulomb-like DM-baryon in-
teraction, with cross section σ ∝ 1/v4, which could arise
for instance for a milli-charged DM particle. Because
of the late-time coupling in these scenarios, this is po-
tentially detectable in 21-cm tomography [10, 11]. It has
recently been invoked [47, 48] as a possible explanation of
the EDGES 21-cm measurement [49], though this would
require the milli-charged particle to only make a small
fraction of the total DM [50–53].
The late thermal decoupling in these scenarios leads
to some modeling challenges. First of all, the bulk rel-
ative velocity between DM and baryons becomes larger
than the baryon thermal motion for z . 104 (see Fig. 1 of
Ref. [9]), at least if the former is computed while neglect-
ing the effect of interactions [26]. As a consequence, rel-
ative motions enter the collision term non-perturbatively,
and one cannot linearize the momentum equation. An
approximate treatment of this fundamentally non-linear
effect was proposed in [9] and improved upon in [26], in
both cases within the ideal thermal fluid approximation.
It is not clear how accurate those approximations are, as
no reference exact numerical solution exists to date. It
is also not obvious how they ought to be implemented
within the Boltzmann-FP formalism developed in this
work.
In addition, if the DM does not strongly self-interact,
the FP approximation (and, a fortiori, the thermal ap-
proximation) need not be accurate for such late-time cou-
pling scenarios. To understand this, let us first recall the
reason why the FP approximation is expected to accu-
rately describe the more standard, early-coupling scenar-
ios. In these cases, the DM distribution fχ(v) is initially
broad (as the DM starts hot), and collisions with baryons
are hence well described by the FP operator, which allows
to follow the evolution of fχ from its initial equilibrium
form through decoupling. Once the DM becomes suffi-
ciently cold and its distribution narrow relative to the
characteristic change in velocity per scattering, the FP
approximation no longer accurately describes the evolu-
tion of fχ. However, the very narrowness of fχ guarantees
that momentum and heat-exchange rates no longer de-
pend on its exact shape, and become closed expressions
of the bulk velocity and effective temperature. By con-
struction, the FP operator implies the same closed-form
equations, as it is built to give the exact momentum and
heat-exchange rate for a given distribution. Therefore, at
late time, the Boltzmann-FP equation is guaranteed to
give the correct bulk velocity and temperature evolution3
and as a consequence, the correct momentum and heat-
exchange rates, despite providing an inaccurate detailed
form for fχ(v).
Let us now consider the late-coupling scenario. The
DM distribution starts off cold, effectively with zero tem-
perature. As long as it is sufficiently narrow, its tem-
perature and bulk velocities are correctly evolved by the
Boltzmann-FP equation – again, their evolution equa-
tions are identical to those obtained in the MB approx-
imation. The underlying distribution fχ, however, is
neither a MB distribution nor is well described by the
solution of the Boltzmann-FP equation. Once the DM
starts recoupling and its distribution broadens, momen-
tum and heat-exchange rates become dependent on the
exact shape of fχ(v). While the FP approximation now
becomes accurate, it nevertheless starts with inaccurate
“initial” conditions for fχ(v) at the onset of re-coupling,
and the subsequent fχ will suffer from this initial inac-
curacy, at least while the DM is marginally coupled.
To rigorously quantify the inaccuracy of the
Boltzmann-FP equation for late-coupling, weakly self-
interacting DM models, there seems to be no choice but
to solve the exact Boltzmann equation, with the full in-
tegral collision operator. In the meantime, one should
keep in mind that cosmological bounds on such models
are uncertain at the factor-of-a-few level.
3 There is a small caveat here: the momentum equation also de-
pends on the gradient of anisotropic stress, which is not a closed
function of bulk velocity and temperature. It is likely that this
term is always small, as it is suppressed when the DM is tightly
coupled, but we defer its detailed study to future work.
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B. Self-interactions
Eventually, for full generality, one should simultane-
ously account for DM scattering with baryons and self-
scattering. Here we briefly discuss the corresponding col-
lision operator, and approximation strategies.
Inserting Eq. (7) into Eq. (5), with s = χ we see
that the self-interaction collision operator is the following
quadratic non-local operator:
Cχχ[fχ](v) = nχ
∫
d3v′ d3u d3u′Mχχ(v,u;v′,u′)
× [fχ(v′)fχ(u′)− fχ(v)fχ(u)] ,(114)
where Mχχ is defined in Eq. (8) and is symmetric un-
der exchange of primed and unprimed variables. This
operator conserves DM number, as well as the total DM
momentum and energy densities.
It is well known since Boltzmann [54] that such a col-
lision operator increases the entropy functional
S[fχ] ≡ −
∫
d3vfχ(v) ln(fχ(v)). (115)
We further demonstrate in Appendix B that this is the
only functional (up to additive and multiplicative fac-
tors) of fχ that is increased by the collision operator
(114).
For a given total momentum and energy, this func-
tional is maximized when fχ is the MB distribution. At
the order-of-magnitude level, we expect this equilibrium
distribution to be reached when nχ〈σχχv〉  H. In this
limit, the evolution of the DM distribution amounts to
solving for its mean velocity V χ and temperature Tχ. If
self-interactions are negligible or marginal, however, its
full distribution function has to be solved for.
It would be useful to also have a diffusion approxi-
mation for the full collision operator (114). The sim-
plest approximation would be of the form (76), with
(V b, Tb) → (V χ, Tχ) – through these quantities, the FP
operator would therefore be implicitly non-linear in fχ.
In order for this diffusion operator to conserve total mo-
mentum and energy for any distribution fχ, it is rela-
tively straightforward to see that the diffusion coefficient
Dij must be isotropic and velocity-independent, so that
the FP operator takes the form
CFPχχ [fχ] =
D
2
∂
∂vi
(
∂fχ
∂vi
+
mχ
Tχ
(v − Vχ)ifχ
)
. (116)
Computing the rate of change of entropy with this oper-
ator, we find, after integration by parts,
dS
dt
=
3
2
D
mχ
Tχ
(
Tχ
3mχ
∫
d3vfχ(v)
(
∂vfχ
fχ
)2
− 1
)
.
(117)
For two vector function X(v) and Y (v), we define the
scalar product
〈X,Y 〉 ≡
∫
d3vfχ(v)X(v) · Y (v), (118)
and the corresponding norm ||X||2 ≡ 〈X,X〉. We may
rewrite Eq. (117) as
dS
dt
=
3
2
D
mχ
Tχ
(∣∣∣∣∣∣v
3
∣∣∣∣∣∣2∣∣∣∣∣∣∂vfχ
fχ
∣∣∣∣∣∣2 − 1) . (119)
From the Cauchy-Schwarz inequality, we find that
dS
dt
≥ 3
2
D
mχ
Tχ
(〈
v
3
,
∂vfχ
fχ
〉2
− 1
)
= 0, (120)
since
〈
v
3 ,
∂vfχ
fχ
〉
= −1, as follows from integration by
parts.
Therefore, the FP operator (116) not only conserves
number, total momentum and energy, it also leads to
an increasing entropy functional, for any distribution
function fχ. The last step will be to determine the
constant D, which, dimensionally, is of order D ∼
nχ〈σχχv〉Tχ/mχ. We defer to future works a more de-
tailed study of the FP-approximation to self-interactions,
and its implementation simultaneously with DM-baryon
scattering.
IX. CONCLUSIONS
We have developed a new theoretical formalism to de-
scribe the effect of DM scattering with SM particles on
linear-cosmology observables. We have replaced the ideal
thermal fluid approximation, standard in this context,
by the Boltzmann equation for the DM phase-space den-
sity. This allows to extend the range of DM models accu-
rately modeled, to include weakly self-interacting models,
whose velocity distribution is non-thermal.
We have derived a Fokker-Planck (FP) approximation
to the collision operator, enforcing that it recovers the
exact momentum and heat-exchange rates for any given
distribution. This constitutes, to our knowledge, the first
derivation of the FP operator for collisions with non-
relativistic SM particles. This approximation is more
amenable to efficient numerical implementation than the
full integral collision operator. We have discussed the
limitations of this approximation, as well as interesting
extensions, which we shall pursue in future works.
In addition to developing this new formalism, we
have presented numerical solutions of the background
Boltzmann-FP equation, in the limit of negligible DM
self-interactions. We found that the DM velocity dis-
tribution can develop order-unity distortions from the
usually assumed Maxwell-Boltzmann (MB) distribution.
More importantly, we established that the background
heat-exchange rate is over-estimated in the MB approxi-
mation by factors as large as ∼ 2− 3, especially for light
DM particles, and for DM-baryon cross sections with a
steep velocity dependence. We will explore the impact of
these changes on upper bounds to the DM-baryon cross
section from CMB spectral distortions [8] in an upcoming
publication. We expect deviations at least as large for the
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momentum-exchange rate, relevant for CMB-anisotropy
and large-scale-structure studies. We derived the per-
turbed Boltzmann-FP hierarchy that needs to be solved
to estimate this rate, and defer its numerical implemen-
tation to future work.
This work opens up a new window in the study of
DM properties: instead of implicitly assuming that DM
strongly self-interacts, we consider DM-baryon interac-
tions and self-interactions as independent phenomenolog-
ical parameters. This will broaden the suite of DM mod-
els that can be accurately modeled, and tested. Such a
detailed and accurate theoretical modeling of DM-baryon
interactions is crucial in order to take full advantage of
the sensitivity of Planck and its successors, and this ar-
ticle takes the first steps in this direction.
Acknowledgements
I thank Kimberly Boddy, Jens Chluba, Sergei
Dubovsky, Vera Gluscevic, Daniel Grin, Chiara Min-
garelli, Julia´n Mun˜oz, Mohammad Safarzadeh, Tristan
Smith, Scott Tremaine and Neal Weiner for useful dis-
cussions and comments.
Appendix A: Power-law cross section for scattering
with Helium
The effect of scattering with a composite nucleus
like Helium is encoded by a form factor in the cross
section. This form factor was computed in Ref. [55]
within the effective theory of DM-nucleon interactions.
For Helium, it amounts to an exponential suppression
of an otherwise power-law cross section, by a factor
exp
[−(1− nˆ · nˆ′)v2(µ aHe)2], where v is the relative ve-
locity, µ ≡ mHemχ/(mHe + mχ) is the reduced mass
of the DM-Helium system, and aHe ≈ 1.5 fm ≈ 7.6
GeV−1. The characteristic relative velocity is such that
v2 ∼ Tb/mHe + Tχ/mχ ≤ Tb/µ, since Tχ ≤ Tb, hence
v2(µ aHe)
2 . a2HeµTb ≤ a2HemHeTb ≈
Tb
4 MeV
. (A1)
Therefore, non-pointlike effects in Helium-DM scatter-
ing are relevant only at temperature greater than a few
MeV. In practice, CMB anisotropies and spectral distor-
tions are not sensitive to baryon-DM interactions beyond
redshift of a few million, corresponding to keV temper-
atures. For the problem of interest, the form factor can
therefore safely be set to unity, and the cross section with
Helium assumed to be a power-law.
Appendix B: Existence and unicity of entropy functional for self-scattering
It is well-known since Boltzmann [54] that collisions between particles in a gas increase the entropy functional
[56, 57]. In this appendix we further show that, up to a multiplicative constant, this is in fact the only increasing
functional (or H-functional) of the form
S[f ] =
∫
d3v S(f(v)), (B1)
where S is a continuous and differentiable function. Note that this is a restricted class of functionals: one could also
consider those of the form
∫
d3v1d
3v2S(f(v1), f(v2)), etc... In particular, functionals of the form (B1) do not include
the K-functional suggested by Kac [58].
The collision operator arising from particle-particle scattering is a non-linear and non-local operator of the form
(in the non-relativistic limit):
C[f ](v) =
∫
d3v′ d3w d3w′ δD(w +w′ − v − v′)δD(w2 + w′2 − v2 − v′2)Γ(w,w′;v,v′) [f(w)f(w′)− f(v)f(v′)] .(B2)
Here detailed balance (or time-reversal symmetry) implies that the collision rate is symmetric under exchange of the
first and last pairs of variables:
Γ(w,w′;v,v′) = Γ(v,v′;w,w′). (B3)
It is also symmetric under exchanges w′ ↔ w and v′ ↔ v. This collision operator conserves not only the total number
of particles, but also their total momentum and energy.
Let us now compute the time derivative of Eq. (B1) under the action of collisions:
dS
dt
=
∫
Dγ [f(w)f(w′)− f(v)f(v′)] S˙(f(v)), (B4)
Dγ ≡ d3v d3v′ d3w d3w′ δD(w +w′ − v − v′)δD(w2 + w′2 − v2 − v′2)Γ(w,w′;v,v′) (B5)
where S˙ ≡ dS/df . Using the symmetries of the integrand, we rewrite this as
dS
dt
=
1
4
∫
Dγ [f(w)f(w′)− f(v)f(v′)]
[
S˙(f(v)) + S˙(f(v′))− S˙(f(w))− S˙(f(w′))
]
. (B6)
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We now seek functions S such that the functional S is an increasing function of time for any function f . This implies
that it must satisfy the inequality
[f3f4 − f1f2][S˙(f1) + S˙(f2)− S˙(f3)− S˙(f4)] ≥ 0, ∀ (f1, f2, f3, f4) > 0. (B7)
This in turn implies that
S˙(f1) + S˙(f2) ≥ S˙(f3) + S˙(f4) ∀ (f1, f2, f3, f4) such that f1f2 < f3f4, (B8)
S˙(f1) + S˙(f2) ≤ S˙(f3) + S˙(f4) ∀ (f1, f2, f3, f4) such that f1f2 > f3f4. (B9)
If the function S˙ is continuous, it must be that
S˙(f1) + S˙(f2) = S˙(f3) + S˙(f4) ∀ (f1, f2, f3, f4) such that f1f2 = f3f4. (B10)
In particular, setting one of the fi’s to unity we find
S˙(xy) = S˙(x) + S˙(y)− S˙(1), ∀ (x, y) > 0. (B11)
Differentiating with respect to y, and then setting y = 1, we obtain
S¨(x) = const
x
, ∀x > 0, (B12)
which, upon two integrations, gives us
S(f) = −αf ln(f) + βf + const, (B13)
where α and β are arbitrary constants. In order for Eq. (B7) to be satisfied, one must have α > 0.
To conclude, we have found that the entropy functional
S[f ] ≡ −
∫
d3vf(v) ln(f(v)) (B14)
is increased by self-collisions. Furthermore, we have shown that this is the only functional of the form (B1) (up to
multiplicative and additive constants) which satisfies this condition.
[1] A. Boveia and C. Doglioni, Annual Review of Nuclear and
Particle Science 68, annurev-nucl-101917-021008 (2018),
arXiv:1810.12238 [hep-ex].
[2] T. Marroda´n Undagoitia and L. Rauch, Journal
of Physics G Nuclear Physics 43, 013001 (2016),
arXiv:1509.08767 [physics.ins-det].
[3] J. M. Gaskins, Contemporary Physics 57, 496 (2016),
arXiv:1604.00014 [astro-ph.HE].
[4] X. Chen and M. Kamionkowski, Phys. Rev. D 70, 043502
(2004), arXiv:astro-ph/0310473 [astro-ph].
[5] T. R. Slatyer, N. Padmanabhan, and D. P. Finkbeiner,
Phys. Rev. D 80, 043526 (2009), arXiv:0906.1197 [astro-
ph.CO].
[6] S. L. Dubovsky and D. S. Gorbunov, Phys. Rev. D 64,
123503 (2001), astro-ph/0103122.
[7] C. Bœhm, P. Fayet, and R. Schaeffer, Physics Letters B
518, 8 (2001), astro-ph/0012504.
[8] Y. Ali-Ha¨ımoud, J. Chluba, and M. Kamionkowski,
Physical Review Letters 115, 071304 (2015),
arXiv:1506.04745.
[9] C. Dvorkin, K. Blum, and M. Kamionkowski, Phys. Rev.
D 89, 023519 (2014), arXiv:1311.2937.
[10] H. Tashiro, K. Kadota, and J. Silk, Phys. Rev. D 90,
083522 (2014), arXiv:1408.2571 [astro-ph.CO].
[11] J. B. Mun˜oz, E. D. Kovetz, and Y. Ali-Ha¨ımoud, Phys.
Rev. D 92, 083528 (2015), arXiv:1509.00029.
[12] C. Bœhm, A. Riazuelo, S. H. Hansen, and R. Schaeffer,
Phys. Rev. D 66, 083505 (2002), astro-ph/0112522.
[13] X. Chen, S. Hannestad, and R. J. Scherrer, Phys. Rev.
D 65, 123515 (2002).
[14] S. L. Dubovsky, D. S. Gorbunov, and G. I. Rubtsov,
Soviet Journal of Experimental and Theoretical Physics
Letters 79, 1 (2004), hep-ph/0311189.
[15] K. Sigurdson, M. Doran, A. Kurylov, R. R. Caldwell,
and M. Kamionkowski, Phys. Rev. D 70, 083501 (2004),
astro-ph/0406355.
[16] G. Mangano, A. Melchiorri, P. Serra, A. Cooray, and
M. Kamionkowski, Phys. Rev. D 74, 043517 (2006),
astro-ph/0606190.
[17] Planck Collaboration, Astron. Astrophys. 571, A1
(2014), arXiv:1303.5062.
[18] Planck Collaboration, Astron. Astrophys. 594, A1
(2016).
[19] Planck Collaboration, ArXiv e-prints (2018),
arXiv:1807.06205.
[20] R. J. Wilkinson, J. Lesgourgues, and C. Bœhm, J. Cosm.
Astropart. Phys. 4, 026 (2014), arXiv:1309.7588.
[21] R. J. Wilkinson, C. Bœhm, and J. Lesgourgues, J. Cosm.
18
Astropart. Phys. 5, 011 (2014), arXiv:1401.7597.
[22] V. Gluscevic and K. K. Boddy, ArXiv e-prints (2017),
arXiv:1712.07133.
[23] W. L. Xu, C. Dvorkin, and A. Chael, Phys. Rev. D 97,
103530 (2018), arXiv:1802.06788.
[24] K. K. Boddy and V. Gluscevic, ArXiv e-prints (2018),
arXiv:1801.08609.
[25] T. R. Slatyer and C.-L. Wu, ArXiv e-prints (2018),
arXiv:1803.09734.
[26] K. K. Boddy, V. Gluscevic, V. Poulin, E. D. Kovetz,
M. Kamionkowski, and R. Barkana, ArXiv e-prints
(2018), arXiv:1808.00001.
[27] K. N. Abazajian et al., ArXiv e-prints (2016),
arXiv:1610.02743.
[28] Z. Li, V. Gluscevic, K. K. Boddy, and M. S. Mad-
havacheril, ArXiv e-prints (2018), arXiv:1806.10165.
[29] E. Bertschinger, Phys. Rev. D 74, 063509 (2006), astro-
ph/0607319.
[30] T. Bringmann and S. Hofmann, J. Cosm. Astropart.
Phys. 4, 016 (2007), hep-ph/0612238.
[31] T. Bringmann, New Journal of Physics 11, 105027
(2009), arXiv:0903.0189.
[32] J. Kasahara, Neutralino dark matter: The mass of the
smallest halo and the Golden region, Ph.D. thesis, The
University of Utah (2009).
[33] T. Binder, L. Covi, A. Kamada, H. Murayama, T. Taka-
hashi, and N. Yoshida, J. Cosm. Astropart. Phys. 11,
043 (2016), arXiv:1602.07624 [hep-ph].
[34] T. Binder, T. Bringmann, M. Gustafsson, and
A. Hryczuk, Phys. Rev. D 96, 115010 (2017),
arXiv:1706.07433.
[35] P. Gondolo and G. Gelmini, Nuclear Physics B 360, 145
(1991).
[36] X. Chen, M. Kamionkowski, and X. Zhang, Phys. Rev.
D 64, 021302 (2001), astro-ph/0103452.
[37] H. Goldberg and L. J. Hall, Physics Letters B 174, 151
(1986).
[38] N. Anand, A. L. Fitzpatrick, and W. C. Haxton, ArXiv
e-prints (2013), arXiv:1308.6288 [hep-ph].
[39] A. L. Fitzpatrick, W. Haxton, E. Katz, N. Lubbers,
and Y. Xu, J. Cosm. Astropart. Phys. 2, 004 (2013),
arXiv:1203.3542 [hep-ph].
[40] K. S. Thorne and R. D. Blandford, Modern Classical
Physics (Princeton University Press).
[41] G. Jungman, M. Kamionkowski, and K. Griest, Phys.
Rep. 267, 195 (1996), hep-ph/9506380.
[42] Y. Ali-Ha¨ımoud, C. M. Hirata, and C. Dickinson, Mon.
Not. R. Astron. Soc. 395, 1055 (2009), arXiv:0812.2904.
[43] C. M. Hirata and J. Forbes, Phys. Rev. D 80, 023001
(2009), arXiv:0903.4925.
[44] Y. Ali-Ha¨ımoud and C. M. Hirata, Phys. Rev. D 83,
043513 (2011), arXiv:1011.3758.
[45] C.-P. Ma and E. Bertschinger, Astrophys. J. 455, 7
(1995), astro-ph/9506072.
[46] A. Kamada, K. Kohri, T. Takahashi, and N. Yoshida,
Phys. Rev. D 95, 023502 (2017), arXiv:1604.07926.
[47] R. Barkana, Nature (London) 555, 71 (2018),
arXiv:1803.06698.
[48] A. Fialkov, R. Barkana, and A. Cohen, Physical Review
Letters 121, 011101 (2018), arXiv:1802.10577.
[49] J. D. Bowman, A. E. E. Rogers, R. A. Monsalve, T. J.
Mozdzen, and N. Mahesh, Nature (London) 555, 67
(2018).
[50] J. B. Mun˜oz and A. Loeb, ArXiv e-prints (2018),
arXiv:1802.10094.
[51] R. Barkana, N. J. Outmezguine, D. Redigolo, and
T. Volansky, ArXiv e-prints (2018), arXiv:1803.03091
[hep-ph].
[52] E. D. Kovetz, V. Poulin, V. Gluscevic, K. K. Boddy,
R. Barkana, and M. Kamionkowski, ArXiv e-prints
(2018), arXiv:1807.11482.
[53] J. B. Mun˜oz, C. Dvorkin, and A. Loeb, Phys. Rev. Lett.
121, 121301 (2018).
[54] L. Boltzmann, Sitzungsberichte Akad. Wiss., Vienna,
part II 66, 275 (1872).
[55] R. Catena and B. Schwabe, J. Cosm. Astropart. Phys. 4,
042 (2015), arXiv:1501.03729 [hep-ph].
[56] R. C. Tolman, The Principles of Statistical Mechanics
(Oxford, The Clarendon Press, 1938).
[57] D. Ter Harr, Zeitschrift Naturforschung Teil A 10, 806
(1955).
[58] M. Kac, in Third Berkeley Symposium on Mathematical
Statistics and Probability, edited by J. Neyman (1956)
pp. 171–197.
